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Summary. A unified theory, which takes into account 
both the genetic and experimental conditions, for pre- 
dicting double cross hybrids from single cross hybrids 
is developed. The method is analogous to tha t  for 
selection indices. Relationship of the prediction model 
to the genetic model is explored. JENKINS' (1934) three 
single cross predictors, a best single cross predictor, and 
selection on the basis of double cross estimates are com- 
pared empirically for an additive and dominance genetic 
model with varying proportions of experimental error 
variance and different numbers of hybrids. The differen- 
ces between fixed and random genetic sample approaches 
to prediction are discussed. 

Wi th  m a n y  inbred lines it is of ten impract ical  to 
test  and compare  all possible double cross hybrids.  
The number  of single crosses is considerably fewer, 
however,  and  it is logical t h a t  t hey  can be used to 
est imate  or predict  the per formance  of the double 
cross. Questions arise then as to the best  methods  
of predict ion and the accuracy  of the predictions. 

Table 1. Analysis o/ variance o/all possible single crosses. 

Source 

Replications 
General 
Specific 
Error 

Degrees of Freedom Mean 
Square 

r - -  1 

p - -  1 ]~r 3 M s = 

- 3//2 M, = 
~r (--p 1) (p - -  2) ( p +  1) /2  M 1 M 1 = 

genetics and breeding methodology,  will be discussed 
more  fully at  the end. 

The logic of predict ing double cross hybr ids  f rom 
single cross hybr ids  was recognized early in the 
development  of double cross hybr ids  in corn. JEN- 
KINS (1934) presented four  a l ternat ive methods  of 
predict ing double cross performance,  three of which 
involved single crosses, and the first favorable 
evidence for their use. Since then several studies of 
one or more  of the methods  have been repor ted  
(reviewed by  SPRAGUE, 1955). 

EBERHART (1964) gave theoret ical  relations among  
hybr ids  and considered two of JENKINS' (1934) pre- 
dictors in conjunct ion  with informat ion on three-way 
crosses in the  predict ion of double cross performance.  
EBERI-IART et al. (1964) compared  predicted values of 
double crosses in maize for various predictors,  bu t  
did no t  have  double cross informat ion to evaluate  
the methods.  EBERHART'S procedures were based 
on wha t  shall be referred to as a fixed sample ap- 
proach.  In  contrast ,  the theory  in the present  s tudy,  
which also takes into account  bo th  the genetic and 
exper imental  conditions, is based on a r andom 
sample approach.  The two approaches,  bo th  of 
which have  been used extensively in quant i t a t ive  
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Expectation of mean square 

Single Cross Experiment 
To furnish a base for familiari ty,  consider an ex- 

per iment  of r replications of all possible single crosses 
f rom p inbred lines. This is the common  replicated 
dia lM exper iment  wi thout  reciprocals and parent  
lines, for which the analysis of var iance of plot  
values is t h a t  given in Table 1. The components  of 
var iance in Table 1 are a 2 for error, a ~s for specific 
combining ability, and a~ for general combining 
ability. 

Single Cross Information 

For  each possible double cross the single crosses 
m a y  be grouped according to their  relationship to 
the double cross. To the  double cross A B .  CD, 
for example,  the two parenta l  single crosses, A B  and 
CD, bear  the same relat ionship;  the four nonparen ta l  

single crosses, AC, AD, BC 
and BD, bear the same rela- 
t ionship;  the single crosses, 
AE,  A F  . . . . .  BE, B F  . . . . .  
CE, CF . . . . .  DE, DF  . . . . .  

a 2 + r a~ + r (p -- 2) a~ involving only one of the lines, 
a 2 + r a~ A, B, C and D, bear  the same 
a2 relat ionship;  and  the single 

crosses involving none of 
the four paren t  lines bear  tile same relationship, 
being zero in this la t ter  case. Consequently,  for 
each double cross, the  following four means  of the  
single crosses are considered:  

X~ = the mean  of the two parenta l  single 

crosses; e.g., (AB + CD)/2. 

Xn = the  mean  of the four nonparen ta l  single 

crosses; e.g., (AC + AD + BC + BD)/4. 

X, = the mean  of the single crosses f rom the 
four parenta l  lines in combinat ion  
with all o ther  lines; e.g., (AE + A F  

+ . . . .  + B E  + B F  + . . .  + CE 

+ CF q . . . .  + DE + DF + . . . ) /  

4 (P --  4). 

(i) 

X 0 = the  mean  of the single crosses f rom 
the other  lines in all possible combi-  

nat ions ;  e. g., (EF + EG + E H  q . . . .  

+ FG + F H  + . . .  + GH + . . . ) /  
(P - -  4) (P - -  5)/2. 

The divisors indicate the number  of single crosses 
in each mean,  and the bar  over each single cross 
indicates t ha t  it is a mean  for the exper iment  (r repli- 
cations in the example).  These means are dependent  
in t h a t  

X =  [ 2 X p + 4 X n + 4 ( P - - 4 )  X,  

+ (P --  4) (P - -  5) Xo/2][P (P -- 1)12 (2) 
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is the mean  of all the single crosses and is the same 
for each double cross. Thus,  only  three no t  wholly 
dependent  kinds of single cross informat ion  are 
available for a given double cross. 

I t  is helpful to  define two addi t ional  means of 
the single crosses for each double cross. 

X~ = (X~ + 2 X,,)/3 = the  mean of the  six ] 
single crosses involving the  four paren-  / tal  lines of the double cross. 

X~ IX,  + 2 X~ + (p --  4) X,]/(p - -  1) , (3) 
= the  mean  of the  four parenta l  line [ 
means  where a parenta l  line mean  is I the mean  of all (p - -  1) single crosses 
involving t h a t  line. 

Linear Prediction Equation 

The result  desired is the linear combina t ion  of the 
three kinds of information,  Z's,  on the single crosses 
which best  predicts  the performances,  Y's ,  of the 
double crosses. 

Y = # +  Y + e = l ~ + b l Z l + b ~ Z ~ + b a Z 3 - ~ - e .  (4) 

The b's are the  relat ive weights  to be given to the  
single cross informat ion  and e = Y # Y is 
the  error of prediction.  The mean  of the  double 
crosses, /z, plays no pa r t  in the relat ive ranking  of 
the double crosses. 

Wi th in  limits, the choice of the Z's  is a ma t t e r  
of convenience.  I n  the  following form t h e y  are 
uncorrelated,  

_ Z ' =  (Z i = x ~ - x ~ ,  / 

Z~ = X~ - 2 Xl + X 0 ,  / (5) 

Z 3 = X~ -- X ) ,  

and have  variances,  a}, = E(Z~), 

0" ~ __ ( ~  0.~) 1 M~ 1 
Z~-- + s 1 2 - -  r 12, 

2 ( ~  _2\ (P - -1 ) (P  - 2 )  
a2, = -}- Os) 6 (p -- 4) (P -- 5) 

= M *  ( p - -  x ) ( p - - 2 )  (6) 
r 6 (p -- 4) (P -- 5) ' 

= M  3 ( p -  2 ) (p- -  4) 
r 4 P (P -- 1) 2 

In  mat r ix  nota t ion,  the variance covariance mat r ix  is o o] 
~ =  o ~L o . (7) 

0 0 0"~ 

Let  us write formally,  for the  moment ,  the covar ian-  
ces of the  informat ion on the single crosses with the 
double crosses, 

y = (8) 

To be used as a cri terion of the  best  predictor  is 
t h a t  set of b's which minimizes the variance of the 

predict ion error, a~ = E ( Y - - #  --  Y)=. The mini- 
mizat ion procedure  is s t ra ight forward,  analogous 
to least squares. The b's, 

b* '  = {b*, b*, b*),  (9) 

t ha t  satisfy this cri terion are solutions to the follow- 
ing set of equations,  

fiZZ ~* = ffZY , (10) 
and 

b* % v  b* % v  b * - - % v  (11) - -  ( ~ 2  P - -  ( ~ 2  J 
ZI Zz {r~a 

For  any  given predictor,  Yi = b_eZ_, let Yi~ be 
the mean of the set of double crosses corresponding 

to a selected set of ~'i with mean  Yis, and let 

and Yi be the corresponding means for the entire 
sample. Based on linear regression, which to be 
exact  requires normal  dis t r ibut ion of X and Y,  

Coy Y ~'i bi' _azy (12) 
B y ~  

ap~ ~--- bT' azz  b~-i ' 

where Byg~ is the regression coefficient of Y on Yi. 
For  t runca t ion  selection one m a y  subst i tu te  

k = k ¢_b,' _b, = - -  ( 1 3 )  

into (12), and 
. hi' agy  

A i = k . - - ~  (14) 
gbe azz hi 

where k is a funct ion of the in tens i ty  of selection. 
The above relationships (12, 14) hold for any  set 
of b's. For  the set, b*, which minimizes the  pre- 
dict ion error, subst i tu t ion of (lO) into (14) leads to 

A ,  = k b * ,  0 5 )  
and A is a max imum.  

Genetic Interpretation 
I t  will be ment ioned  now, and discussed later, t h a t  

inherent  in the previous definition and solution to 
the best  predictor  is the assumpt ion  t h a t  the single 
crosses and double crosses are r andom samples for 
which the procedure  will be used. Under  certain 
assumptions  for diploids (COCKERHAM, 1963), main ly  
r andom samples f rom a noninbred  popula t ion and 
no linkages, the covariances among  relatives can be 
expressed in the following form, 

C = CXa~A + ~a~D + O~ga2Aa + aba~AD + . . . .  (16) 

where the subscripts,  A = addit ive,  D = dominance,  
indicate the various components  of genetic variance.  
The coefficients a and ~ are given by  COCKERHAM 

Covarianee 

CS2 

Cst 

CSD2 

CSD 2 

CSD 1 

Description 

Covariance between single 
cross relatives with both 
parents common. 
Covariance between single 
cross relatives with one par- 
ent common only. 
Covariance between non- 
parental single cross and 
double cross relatives, i.e., 
A B with A - - B - .  
Covariance between paren- 
tal single cross and double 
cross relatives, i. e., A B with 
A B . - - .  Note: CSD2 = Csl. 
Covariance between single 
cross and double cross rela- 
tives with one parent line 
common only. 

(17) 



z62 C .  C L A R K  C O C K E R H A M  : Zi~chter / Genet. Breed. Res. 

(1961) for all possible types of single, three-way and 
double cross relatives• Although a more general 
solution for the coefficients with part ial ly inbred 
parental  lines has been found (COCKEgHAM, 1967), 
we shall consider the parental  lines to be homozygous, 
and shall reproduce here the coefficients for the 
hybrid relatives under consideration• 

I t  remains to relate the covariances to the statisti- 
cal parameters• These are 

~ = C s , ,  

(r~s : Cs~ - -  2 Csx  , 

aZ, Y = (CsD~ - -  CSD2)/3 , ( 1 8 )  

az, v = 2 az, v + (CsD~ --  2 CSD,) , 

aZ, V [3 az, v + (p 2) P - 4 = - C s v  1] p ~p - -  1) " 

Substi tution of the appropriate  coefficients, ~ and ~, 
in (17) into (16) gives the genetic variance composi- 
tion of the covariances. Fur ther  substi tution into 
(18) and then into (11) leads to expressions for the 
b' s in terms of genetic and environmental  variances 
and the experimental  dimensions, p and r. While 
these expressions are not simple, interrelationships 
of the genetic and prediction models are illuminating. 

The following alternative expressions of the b's 
will be helpful in genetic clarification, 

b* = 4 (CsD~ -- CSD2) _ H~ 
M d r  M~/r ' 

b* ( P - 4 ) ( P -  5) 
= ( p  x) ( p  2)  X 

X / : 4 ( C S D ~ - C S D 2 ) A r - 6 ( C S D e - 2 C S D ' )  

- -  (P -- 4) (P -- 5) [ bl + 6 (CsD2 - 2 CsD') (p 1) (p 2) M~/fl 

( P - - 4 ) ( P - - 5 )  Hz (20) 
- -  (p - -  1 ) - ( p  Z 2 )  M,/r'  

b*= 
(p - 2) M d r  

_ ( p - - 1 ) ~ 2 b ~ M s  q _ 4 ( p - - 1 )  CsD, 
- -  (P - -  4) (P - -  5) M3 M3/r 

(p - 1) H~ 
- -  (p -- 2) (Ms/r) 

The genetic variance compositions of the various 
covariances of relatives, and functions of them, are 
listed in Table 2 for ready reference. A glance at 
the genetic numerators,  H's ,  of the b's shows tha t  
for b* and b* to be other than  0 requires some domi- 

R e l a t i o n s h i p  
o f  t h e  P r e d i c t i o n  t o  t h e  

G e n e t i c  M o d e l  

First  of all, note tha t  
Za and Z 3 are constant for Cs~ = CSD 
the three orders, A B . CD,  
A C . B D  and A D .  BC,  Cs~ 
of double crosses for any 
four lines• Consequently, CSD 
the only information a- 
bout  these comparisons is CSD~ 
contained in Z 1 and the 
relative importance of this Cs~ -- 2 Cs 
information is bv The in- 
fo rmat ion  inZ~ is of an in- Csv~ - 2 CSD, 
teraction form, involving 
the mean of all combina- CSD~ -- CSD~ 
tions of four lines, XF, the 
mean of the four lines in H1 
combination with all other 
lines, Xz, and the mean of He 
all other lines in combi- 
nation, X o. A two by  two H3 
table illustrates the point. 

Table 2. Genetic variance composition o /var ious /unc t ions  o~ the covariances o/ relatives. 

1 

Y 

1 

1 

1 

2 

o 

o 

o 

O 

o 

(p--2) 

1 
o 

4 
1 1 

1 
o ~--6 

1 1 

4 4 
1 

1 
2 

1 
o X 

1 
¥ o 

1 o 

3 
1 ~ -  

P + 4  2 
4 

Covariance 
Genetic Components of Variance 

1 
0 o 

1 1 1 

1 
o o 

1 1 1 

3 

o o 

1 1 

1 1 
- -  o 

1 1 I 9 

1 

1 2 16  

O O 

1 1 

O o O 

1 1 1 

~ 64 

1 1 1 

o 0 o 

1 1 1 

~4 3-S 
1 1 1 

4 -g i~ 
1 1 1 

4 Y 
1 1 1 

2 4-- --8 

• • 

4 lines Other 
lines 

4 lines [ X~ X~ 

I Other 
lines Xt Xo 

( 1 9 )  

It ,  Z 2 = X ~ - 2 X ~ + X  o, is a measure of the 
interaction of the four lines with the other lines, 
and the importance of this general nicking of four 
lines in predicting the corresponding double cross 
performance is reflected by  b 2. The relative impor- 
tance of Z a depends on how well a line's perfor- 
mance in all single crosses relates to the double 
cross performance. 

nance and/or epistasis. Additive types of epistasis 
contribute to H 2 but  not to H 1. The dominating 
coefficients in H 3 are for the all-additive types of 
variance for large p b u t  all variances are included 
to some degree• 

Since none of the differences among the covarian- 
ces in (20) can be negative, the following relation- 
ships must  hold, 

, 1 ( p - -  1) (_p - -  2)  ~ .  ~ 3 / 

0 < b 1 < 2 ,  b* < (p _ 4) (p _ 5) ~ - ~  2 '  (21) / . ,  12 (p - 1) M s  2 (p - -  1) 
05 ( p - - 2 )  M;  < b * <  ? = ~  . 

While these relationships do not definitely establish 
an order among the b's, they have implications for 
practical applications. 
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Simplification in the genetic model leads to simpli- 
fication in the prediction model. If all of the genetic 
variance is additive variance, the b's reduce to 

[ !P ,  - -  1) 0"~t ] (22) b 1 
O, O, (O.2/~t, _~ ( p -  2)O*~ " 

Since only proportionali ty of the b's are important,  
bloc  (o, o, 1) , (23) 

and the best prediction model involves only the 
parental line means, 

t 9i = 2 7 - - X ,  (24) 

which is one of the predictors proposed by JENKINS 
(1934) (his method C). Thus, this predictor is best 
only when there are only additive effects of genes. 

Another of JENKINS' predictors (his method B) 
is best when all of the genetic variance is dominance 
variance, 

b2 = [. a~_ (P - -  4) (P - -  5) a~  
- [(a21 r) + a~ ' (p - ,) (p -- 2) ((a2I,) + a~D) ' 

2 (p - -  1) 0"~) ] 
(p - 2) ((.2/,) + . ~ ) j ,  (25) 

o r  

[ ,, 4,,, 7 : 2 1  <26, 3 3o~ 1, (p , ) ( p  2)' 

and the prediction equation is 
A 
Y= = X,, -- X ,  (27) 

which involves only the nonparental  single crosses. 
A comment is in order. The definitions of genetic 
effects and variances are such that  for there to be 
only dominance variance requires overdominance 
at all loci, and further, the noninbred population 
must have equilibrium frequencies at each locus, a 
very unlikely condition. There is another case, 
however, of more importance for which b 9 as in (26) 
is equivalent to b*. This is when all of the genetic 
variance is additive and dominance and the experi- 
mental  error variance is zero, i. e., a2/r = o. Thus, 
with increasing r, b = tends toward the best predictor 
when there are both additive and dominance effects 
of genes but  no epistatic effects. 

JENKINS' third method (A) of utilizing single crosses 
assumes the following set of b's, 

b a cx (o, (p -- 4) (P -- 5) 2 (p -- 1)~ (28) 
- (p l)  (p 2 ) '  p --  2 ] '  

which corresponds to the following prediction equa- 
tion, 

Y*3 = XF -- ,~ (29) 
and amounts to using the mean of the six single 
crosses of the four parents of the double cross. 
There appears to be no simple genetic situation for 
which this predictor would be best. 

If there are no epistatic effects, but  allowing for 
both additive and dominance variance, 

( P - -  4) ( P - -  5) a~ b9 
¢p - ,I ¢ p -  21 ¢¢oVrl + 

(p - ,) [2 ~ + (p - 2) a~] / 
(p - 2) [(a°-/r) + a ~  + (p - 2) a~t/2] j ' (30) 

o r  

~ 4 0 ¢  {1, (p - -  4) (P - -  5) 
(p ,) (p 2) '  

(p - 1) ((a2/r) + a~) [2 a~ + (p - 2) a~] 
T/7---~$~ss [{a~/v)+ @--I- (/5 = 2) a~12 ] J" (31) 

All of the parameters are contained in the diallel 
experiment. Consequently, the b's may be written 
as functions of the expected mean squares, 

b4 = [ M ' ~ =  M" 1 (P -- 4)(P -- 5) (21//2 --3//1) 
- [ M ,  ' ( p - -  1) ( p - -  2) M ,  ' 

(p --  l )  ( M  3 q- M 2 - -  2 M1) ] 
( p :  2) M,  J , (32) 

o r  
b,t OC [1, _I~ --- 141 (p -- 5) 2 (p-- 1) M,~ [ Mli--Ml~] 

(33) 
Thus, from a diallel experiment, assuming no epi- 
stasis, the b's may be estimated. The proportional 
b's in (31 , 33) assume at least some dominance 
variance. Otherwise we have divided through by 
zero in standardizing b, to be one. 

To admit all types of epistatic variance requires 
estimates not available in the diallel experiment, 
namely, //1, H~ and H a or two relative values, say 
H , / H  1 and Ha/H ,. If there are no additive types 
of epistatic variance then H~ = H 1 and H 3 ----2//1 
+ 2 ( M ~ -  M~)/r, but  still required is the relative 
value of a~ = 2 ( M  a - M ~ ) / ( p - 2 ) r  to //1. The 
proportional b's would be the same as in (33) ex- 
cept for b 8, 

[ ( P - - 4 ) ( # - - 5 ) 2  (#--1) M,~ ( M3 -- _Mo'~] 
_b 5 oc 1, (p 1) ( p = 2 ) '  ( p : 2 ) ~  3 1 -t- r/if, ] J '  

(34) 
and b 3 would be relatively larger when there was 
epistasis involving dominance instead of only 
dominance effects. 

G o o d n e s s  o f  P r e d i c t o r s  

The appeal of best may  not always be warranted. 
Sometimes a best predictor as defined herein is 
only infinitesimally bet ter  than another one, and 
all may be good or poor depending on the para- 
metric situation. 

We shall compare predictors empirically as ratios 
of their expected gains, A's, to gain expected from 
selecting among the true values, Y ' s ,  of the double 
crosses. The gain expected from selecting among 
the Y ' s ,  

A y  = k a y ,  (35) 

is dependent upon the selection intensity reflected 
in k and a~, which is derived in an appendix. The 
efficiency measure, 

A i be ~-zY 
- - -  q i v ,  (36) 

Av - -  Vh e '~zz bi '*r 
is also the correlation, 0iv, between the predictor, 
I2 i, and Y, which can be verified from relationships 
given in (12). The relative efficiency of any two 
predictors, Yi and 19i, may  be obtained simply as 

A i _  qiv (37) 
Ai QiY 

which, when j = *, 

A~ qiv _ ei*,  (38) 
A. e*Y 

is also the correlation between ~'i and 19.. 
Since the true genotypic values of the double 

crosses are never known, we wish to know also how 
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e f f e c t i v e  is  s e l e c t i o n  b a s e d  o n  e x p e r i m e n t a l  e s t i m a t e s  
of  d o u b l e  c r o s s  p e r f o r m a n c e  as  a f u r t h e r  b a s i s  of  
c o m p a r i s o n .  A m o n g  m a n y  a l t e r n a t i v e s  w e  s h a l l  c o n -  
s i d e r  t h a t  t h e  s a m e  a m o u n t  of  e x p e r i m e n t a l  i n f o r -  
m a t i o n  i s  a v a i l a b l e  f o r  t h e  d o u b l e  c r o s s e s  a s  f o r  t h e  
s i n g l e  c r o s s e s ,  i .  e., t h e  s a m e  n u m b e r ,  r ,  o f  r e p l i c a t e  
p l o t s  f o r  e a c h  d o u b l e  c r o s s .  D e n o t i n g  t h e  m e a n  

o v e r  r e p l i c a t i o n s  of  i n d i v i d u a l  d o u b l e  c r o s s e s  a s  Y,  

Y =  V + ~ ,  (39) 

w h e r e  ~ i s  t h e  e x p e r i m e n t a l  e r r o r .  T h e  g a i n  f r o m  

s e l e c t i n g  o n  17, f o l l o w i n g  a r g u m e n t s  (12) t h r o u g h  
(14) ,  i s  

A,  7 = k rr._~_~. (40) 
a~ 

T h e  v a r i a n c e ,  a~,, a m o n g  t h e  e s t i m a t e s  i s  d e r i v e d  
s i m u l t a n e o u s l y  w i t h  a ~  i n  t h e  A p p e n d i x .  

T h e  r a t i o  of  t h e  g a i n  (4 ° ) f r o m  u s i n g  t h e  e s t i m a t e s  
t o  t h a t  (35) f r o m  k n o w i n g  t h e  t r u e  v a l u e s ,  

A ~  ay 
- -  q ~ r ,  (41) A y  up 

i s  a g a i n  t h e  c o r r e l a t i o n  b e t w e e n  t h e  t w o ,  w h i c h  
a p p r o a c h e s  o n e  as  t h e  e x p e r i m e n t a l  e r r o r  v a r i a n c e  
a p p r o a c h e s  z e r o .  

T o  b e  c o m p a r e d  e m p i r i c a l l y  a r e  J E N K I N S '  (1934)  
t h r e e  p r e d i c t o r s  (23,  26  a n d  28) a n d  t h e  b e s t  p r e d i c -  

t o r ,  ~z . .  T h e i r  e f f i c i e n c i e s  i n  t h e  f o r m  of  (36) a n d  
t h e  e f f i c i e n c y  of  e x p e r i m e n t a l  d o u b l e  c r o s s  p r e d i c t i o n  
(41 ) g i v e  f i v e  c o m p a r a t i v e  m e a s u r e s ,  

~IY,  92Y, ~3Y' ~ * r '  ~ Y Y "  (42) 

T h e s e  e f f i c i e n c y  m e a s u r e s  a r e  a f f e c t e d  o n l y  b y  c h a n -  
g e s  i n  t h e  r e l a t i v e  v a l u e s  of  t h e  v a r i a n c e  p a r a m e t e r s .  
C o n s e q u e n t l y ,  if  t h e r e  a r e  n o  e p i s t a t i c  e f f e c t s ,  t h e  
v a r i a n c e s  c a n  b e  r e d u c e d  t o  t w o  q u a n t i t i e s ,  

+ ~ _ ~ 
fl (43) 7 

s u c h  t h a t  

[ ~  = 1 - -  f l]-J-[O'~ = f l  (1 - - 7 ) ]  + [O'Yt = T f l ]  = 1 .  
L- -  ] 

(44) 

T h e  p r o p o r t i o n  of  t h e  t o t a l  v a r i a n c e  t h a t  is  g e n o -  
t y p i c  is  m e a s u r e d  b y  fl, a n d  of  t h e  g e n o t y p i c  v a r i a n c e  
t h a t  i s  a d d i t i v e  b y  7 .  

T h e  f i v e  e f f i c i e n c y  m e a s u r e s  (42) a r e  g i v e n  f o r  
v a r i o u s  c o m b i n a t i o n s  of  7 a n d  fl i n  T a b l e  3 f o r  
p = 6 a n d  p = 2o,  a n d  i n  T a b l e  4 f o r  p = l o o  a n d  
p = oo .  A l s o  i n c l u d e d  i n  t h e  T a b l e s  i s  a y  t o  s h o w  
h o w  i t ,  a n d  c o n s e q u e n t l y  A y  i n  (35) ,  v a r i e s  w i t h  
t h e  p a r a m e t e r s .  W h i l e  t h e  e r r o r  v a r i a n c e ,  a~, i n  
a}, f o r  d o u b l e  c r o s s e s  i s  s l i g h t l y  l a r g e r  t h a n  a~ f o r  
t h e  s i n g l e  c r o s s e s ,  (74) a n d  (75) ,  t h e  t w o  w e r e  t a k e n  
t o  b e  t h e  s a m e  w h i c h  h a s  a v e r y  s l i g h t  i n f l a t i o n a r y  
e f f e c t  o n  ~ y .  

F i r s t ,  c o n s i d e r  t h e  Qiy'S i n  T a b l e s  3 a n d  4 r e l a t i n g  
t o  s i n g l e  c r o s s  p r e d i c t i o n  o n l y .  A s  a b a s e  of  r e f e r e n c e ,  

Y .  is  a n  i d e a l  a n d  r e p r e s e n t s  t h e  b e s t  t h a t  o n e  c a n  
d o  w i t h  s i n g l e  c r o s s  p r e d i c t i o n .  I t s  e f f i c i e n c y ,  ~ . y ,  
i n c r e a s e s  w i t h  Y, w i t h  fl, a n d  w i t h  p e x c e p t  f o r  
7 = o. T h e r e  i s  a n  o v e r r i d i n g  e f f e c t  of  fl, h o w e v e r ,  
i n  t h a t  v a r i a t i o n s  i n  7 h a v e  l e s s  of  a n  e f f e c t  as  

0.1 0 tY 
Q2Y 
03 Y 
~ , Y  
0YY 
a y  

0.3 ~1 Y 
02 Y 
03 Y 
Q.Y 
Q,~y 
~¢y 

0"5 01Y 
02 Y 
03 Y 
0 ,  Y 
0"~Y 
a y  

0.7 01Y 
02 Y 
03 Y 
0 , Y  
Q~'Y 

0.9 Q1Y 
~2 Y 
P3 Y 
O*Y 
O'7"r 
a y  

1.o QI Y 
02 Y 
03 Y 
O,Y 
Q~',y 

O'Y 

T a b l e  3. E/ficiencies o/Predictors/or 
7 

0.0 

.21 
• 32 
.23 
.32 
• 14 
• 14 

.37 

.55 
• 4 ° 
.55 
.27 
.23 

.48 
• 71 
• 52 .57) 
• 71 .71 ) 
• 4 ° -44) 
• 30 .35) 

• 56 .36) 
• 84 .84) 
.62 .68) 
• 84 .84) 
• 55 .60) 
.36 .41 ) 

• 64 .4 ° ) 
• 95 .95) 
• 7 ° .77) 
• 95 .95) 
.79 .83) 
• 41 .47) 

• 67 .43) 
1.00 (1.00) 

• 74 ( . 8 1 )  
1.00 (1.00) 
1.oo (1.oo) 

• 43 { . 4 9 )  

p = 6 and p = 20 (in parentheses). 

.13) 

.32) 

.26) 
• 32 ) 
.16) 
.16) 

.23) 

.5.5) 

.44) 

.55) 

.31) 

.27) 

.30) 
• 71 ) 

o.1  

• 23 .23) 
• 31 .33) 
• 25 .28) 
• 32 .34) 
• 14 .17) 
.13 .16) 

• 4 ° .37) 
• 55 .56) 
• 43 .48) 
• 55 .57) 
• 27 .32 ) 
.23 .28) 

• 51 .44) 
• 71 .72 ) 
• 55 .62) 
-71 .73) 
• 4 ° .45) 
• 3 ° .36 ) 

.60 .5o) 
• 84 .84) 
• 65 .72) 
.84 .85) 
• 55 .61) 
• 36 .43) 

.68 .54) 
• 95 .95) 
• 73 .81) 
• 95 .95) 
• 79 .84) 
.4 ° .48 ) 

• 71 .55) 
1.00 (1.00) 

-77 ( . 8 4 )  
1.00 (1.00) 
1.oo  (1.oo) 

• 43 { . 5 1 )  

o.3 

.28 .38) 
• 31 .34) 
.28 .33) 
• 32 .42 ) 
.14 .18) 
• 13 .17) 

• 47 .55) 
• 54 .58 ) 
.48 .55) 
• 55 .65) 
• 27 .33) 
.23 .3 ° ) 

• 59 .63) 
• 7 ° .74) 
.61 .69) 
• 71 .77) 
-39 .48 ) 
• 30 .38) 

.68 .68) 

.83 .86) 

.7o .79) 
• 84 .87) 
• 55 .64) 
• 35 .45) 

• 75 .71 ) 
• 95 .96) 
.78 .86) 
• 95 .96) 
• 79 .85) 
.4 ° -51 ) 

• 78 .72 ) 
1,00 (1.00) 

.82 ( . 8 9 )  
1.00 (1.00) 
1.00 (1.00) 

• 42 ( . 5 4 )  

o.5 

• 32 .50) 
• 31 .36 ) 
• 31 .38 ) 
• 34 .51 ) 
.14 .19) 
• 13 .18) 

• 53 .69) 
• 54 .6o) 
• 53 .61) 
• 57 .72 ) 
• 27 .35) 
• 23 .31 ) 

.65 .76 ) 
• 7o .75) 
.66 .74) 
• 72 .82) 
-39 .49) 
• 30 .40) 

• 75 .80) 
.83 .87) 
.76 .84) 
• 84 .90) 
• 54 .66) 
-35 .48 ) 
.82 .82) 
• 95 .96) 
.84 .90) 
• 95 .96) 
• 79 .86) 
• 4 ° -54) 

• 85 .83) 
1.00 (1.00) 

.87 ( . 9 3 )  
1.00 (1.00) 
1,00 (1.00) 

• 42 ( . 5 7 )  

o.7 

.36 .59) 

.31 .37) 
• 35 .41 ) 
• 37 .60) 
• 14 .19) 
• 13 .19) 

• 59 .78 ) 
• 54 .62) 
• 57 .66) 
.61 .80) 
.26 .36) 
• 23 .33) 
• 72 .85) 
-7 ° .77) 
• 71 -79) 
• 75 .87) 
• 39 -51 ) 
• 29 .42 ) 

.81 .88) 

.83 .88) 

.81 .88) 

.86 .92 ) 
• 54 .67) 
• 35 .50) 

.88 .90) 
• 95 .96) 
.89 .94) 
• 95 .97) 
• 78 .87) 
• 39 .56 ) 

• 91 .91) 
1.oo (1.oo) 

• 92 ( . 9 6 )  
1 .oo  (1 .oo)  
1.oo (1.oo) 

• 41 ( . 5 9 )  

o.9 

• 4 ° .67) 
• 3 ° .39) 
• 38 .45) 
• 41 .67) 
.14 .20) 
.13 .20) 

.65 .86) 
• 53 .63) 
.62 .7 ° ) 
.65 .86) 
.26 .38 ) 
.22 .34) 

• 78 .92) 
• 69 .78 ) 
• 76 .83) 
• 79 .92) 
• 38 -53) 
• 29 .44) 

.88 .95) 

.83 .89) 

.87 .91 ) 

.88 .95) 
• 53 .69) 
-34 .52 ) 

• 94 .97) 
• 94 .97) 
• 94 -97) 
• 96 .98) 
.78 .88) 
• 39 .59) 

• 97 -97) 
1.OO 1 .OO) 

• 97 .99) 
1.00 (1.00) 
1.OO (1.OO) 

.41 ( . 6 2 )  

1.O 

• 43 .71 ) 
• 30 .39) 
• 4 ° .46 ) 
• 43 .71 ) 
.14 .21) 
• 13 .20) 

.68 .89) 
• 53 .64) 
• 65 .72 ) 
.68 .89) 
.26 .38) 
.22 .35) 

.82 .95) 
• 69 .79) 
• 79 .84) 
.82 .95) 
.38 .53) 
• 29 .45) 

• 91 .98) 
.82 .89) 
• 89 .92) 
• 91 .98) 
• 53 .69) 
• 34 .53) 

-97 .99) 
• 94 .97) 
-97 .98) 
• 97 -99) 
.78 .88) 
-39 .60) 

1.oo  (1.oo) 
1.oo (1.oo) 
1.oo (1.oo) 
1.oo (1.oo) 
1.oo (1.oo) 

• 41 ( . 6 3 )  
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0 . i  01 Y 
02 Y 
Q 3 Y 
O,Y 
O~-e 
a y  

0.3 01 Y 
02 Y 

O 3 Y 
O , y  
O-g Y 
a y  

0.5 01 Y 
02 Y 
Q 3 Y 
0 ,  Y 
Q ~ y  
a y  

0.7 Q,y 
02 Y 
Q3Y 
0 ,  Y 
0 ~ y  
a y  

0.9 01 Y 
02 Y 
03 Y 
0 ,  y 
0~" y 
a y  

1.O 01Y 
02 Y 
03 Y 
0 , Y  
0 ~ ' y  
Cry 

Table  4. Elficiencies o/ Predictors/or p = 1oo and p = oo (in parentheses). 

0.0 

.06 .oo) 
• 32 .32 ) 
.26 .26) 
• 32 .32 ) 
.16 .16) 
.16 .16) 

.11 .OO) 
• 55 .55) 
• 45 .45) 
• 55 -55) 
• 31 .31) 
• 27 .27) 

.14 .00) 
• 71 .71 ) 
.58 .58) 
• 71 .71 ) 
• 45 .45) 
• 35 .35) 
• 17 .oo)  
.84 .84) 
.68 .68) 
.84 .84) 
.61 .61) 
• 42 .42 ) 

• 19 .o0) 
• 95 .95) 
• 77 .77) 
• 95 .95) 
.83 .83) 
• 47 .47) 
.20 .OO) 

1.OO (1.00) 
.82 ( .82)  

1.00 (1.00) 
1.00 (I.00) 
• 50 ( .50)  

0.1 

.29 .43) 
• 33 .33) 
.29 .29) 
• 39 -51) 
• 17 .17) 
• 17 .17) 

• 39 .43) 
• 56 .57) 
• 49 .50) 
.61 .64) 
• 32 .32) 
• 29 .29) 

.42 .43) 
• 72 .72 ) 
.63 .63) 
• 74 .75) 
• 46 .46 ) 
-37 .37) 

• 44 .43) 
.85 .85) 
• 73 .73) 
.85 .86) 
.62 .63) 
• 44 .44) 

• 45 .43) 
• 95 .95) 
.81 .82) 
• 95 .95) 
• 84 .84) 
• 50 .50) 

• 46 .43) 
1.oo (1.oo) 

.85 ( .85)  
1,00 (1.00) 
1.00 ( i .00) 

• 52 ( .52)  

O.3 

• 55 .68) 
• 35 .36 ) 
• 35 .35) 
.58 .71) 
• 19 .19) 
.18 .18) 

.64 .68) 
• 59 .60) 
• 57 .58) 
• 73 -77) 
.35 .35) 
.31 -31 ) 

.67 .68) 
• 75 .75) 
• 71 .71 ) 
.81 .83) 
-49 .5 ° ) 
• 40 .4 ° ) 
.68 .68) 
.87 .87) 
.80 .8o) 
• 89 .89) 
.65 .66) 
• 47 .48 ) 
• 69 .68) 
• 96 .96) 
.87 .88) 
• 96 .96) 
.86 .86) 
• 54 .54) 
• 69 .68) 

1.00 1.oo) 
• 90 .91) 

1.oo  (1.oo) 
1.00 (1.00) 
• 56 ( .57)  

Y 
0.5 

.70 .82) 
• 37 .38 ) 
.4 ° .40) 
.71 .83) 
.20 ,20) 
• 19 .19) 

.78 .82) 

.62 .63) 

.63 .64) 

.82 .85) 
• 37 .37) 
• 33 .34) 
.80 .82) 
• 77 .77) 
• 76 .77) 
.87 .88) 
• 52 .52 ) 
• 43 .43) 
.81 .82) 
.88 .88) 
.85 .86) 
• 91 .92) 
.68 .68) 
• 51 .51 ) 

.82 .82) 

.96 .96) 
• 92 .92) 
• 97 -97) 
.88 .88) 
• 57 .58) 

.82 .82) 
1.OO (1.00) 

• 94 ( .94)  
1.oo  (1.oo) 
1.00 (1.00) 
.60 ( .61)  

o.7 
.81 .91) 
• 39 .4 ° ) 
• 44 .45) 
.81 .91) 
.21 .21) 
.2o .21) 

.88 .91 ) 

.64 .65) 

.68 .69) 

.89 .92) 
• 39 .39) 
• 35 .36) 

.9 ° .91 ) 
• 79 .79) 
.81 .82) 
• 92 .93) 
• 54 .55) 
• 45 .46 ) 
.90 .91) 
• 89 .89) 
• 89 .89) 
• 94 .95) 
• 70 .71) 
• 54 .55) 
• 91 .91) 
• 97 .97) 
• 95 .95) 
• 97 .98) 
• 89 .89) 
.61 .62) 

.91 .91 ) 
1.OO 1.o0) 

-97 .97) 
1.00 ( i .00) 
1.00 (1.00) 
• 64 ( .65)  

o.9 

• 89 .97) 
• 41 .42 ) 
.48 .48 ) 
.89 .97) 
.22 .22) 
.21 .22) 

• 95 .97) 
.66 .67) 
• 73 .73) 
• 95 .97) 
• 4 ° .41 ) 
-37 .38) 

• 96 .97) 
.80 .81) 
.85 .85) 
• 97 .98) 
.56 .57) 
.48 .49) 

-97 .97) 
.90 .90) 
• 92 .92) 
-97 .98) 
-72 .73) 
• 57 .58) 

• 97 .97) 
• 97 .97) 
• 97 .97) 
.98 .99) 
.90 .90) 
• 64 .65) 

.97 .97) 
1,00 (1.00) 

• 99  ( . 9 9 )  
1.00 (1.00) 
1.oo (1.oo) 

.68 ( . 6 9 )  

1.0 

• 92 (1.oo) 
• 42 .43) 
• 49 .5 ° ) 
.92 1.oo) 
• 23 .23) 
.22 .22) 

.98 1.oo) 
• 67 .68) 
• 74 .75) 
• 98 1.oo) 
• 41 .42 ) 
• 38 .39) 

• 99 1.OO) 
.81 .82) 
.86 .87) 
• 99 1.oo) 
• 57 .58) 
• 49 .5 ° ) 

1 .OO 1.OO) 
• 90 .91) 
• 93 .94) 

1.00 (1.00) 
• 73 ( .73)  
.58 ( .59)  

1.00 (1.00) 
• 97 ( -97)  
.98 ( .98)  

1.00 (1.00) 
• 90 ( .90)  
.66 ( .67)  

1.oo  (1.oo) 
1.oo  (1.oo) 
1.00 (1.00) 
1.00 (I,00) 
1.oo (1.oo) 
• 69 ( . 7 1  ) 

becomes  larger .  T u r n i n g  n o w  to Y~ we k n e w  f r o m  
(26), a n d  t he  r e l a t e d  c o m m e n t s ,  t h a t  i t  was  equi -  

v a l e n t  to  t he  m o s t  e f f ic ien t  p red ic to r ,  ~ ' . ,  w h e n  
all  of t he  gene t i c  v a r i a n c e  was  d o m i n a n c e ,  i . e . ,  
7 = ° ,  a n d  w h e n  t 3 =  1, i . e . ,  a 2 / r = o .  A c t u a l l y ,  
t he  e f f ic iency  is r e l a t i v e l y  i n s e n s i t i v e  to  changes  in  
Y a n d  p,  a n d  m a i n l y  d e p e n d e n t  on  t3. V a r y i n g  p 
has  no  effect  on  t h e  e f f ic iency  w h e n  Y = o, a n d  
t he r e  is a p p a r e n t l y  a ~b b e t w e e n  6 a n d  20 for wh ich  
v a r i a t i o n s  in  7 h a v e  a n  i m p e r c e p t i b l e ,  if a n y ,  effect 
on  t he  e f f ic iency  b ecau s e  02 v inc reases  for t5 = 20 
a n d  decreases  for p = 6 w i th  a n  inc rease  in  7. 

C o n s i d e r a b l y  m o r e  v a r i a t i o n  is o b t a i n e d  in  t he  

eff ic iencies  of Y1, w i t h  all  p a r a m e t e r s  /3, 7 a n d  p 
h a v i n g  p r o n o u n c e d  effects  in  c e r t a i n  c i r c u m s t a n c e s .  
Th i s  p r e d i c t o r  is t h e  m o s t  e f f ic ien t  w h e n  7 = 1, 
wh ich  we k n e w  f rom (23). T h e  e f f ic iency  increases  
w i t h  7, inc reases  w i t h  p for la rge  Y b u t  decreases  
w i t h  p for sma l l  7, a n d  increases  w i t h  fl b u t / 5  ha s  
less of a n  effect  as p b e co me s  l a rger  a n d  has  no  
effect  w h e n  p = oo. Th e  e f f ic iency  is a p p r e c i a b l y  
g r ea t e r  t h a n  02v o n l y  for s ma l l  /3 a n d  no  sma l l e r  
t h a n  i n t e r m e d i a t e  7, a n d  for large 7 a n d  no  l a rger  
t h a n  i n t e r m e d i a t e / 5 .  

T h e  set  of coeff ic ients  for ~9 s is in  some  respec t s  

i n t e r m e d i a t e  to  those  for ~'2 a n d  Y1. F o r  m o s t  
s i t u a t i o n s  in  Tab le s  3 a n d  4, 03 Y is i n t e r m e d i a t e  to  
~ v  a n d  & y .  Howeve r ,  n e a r  t h e  v a l u e  of 7 for 
wh ich  01v a n d  02v swi tch  r e l a t i ve  m a g n i t u d e s  03Y 

is less t h a n  b o t h .  Th i s  f ea tu re  is d e m o n s t r a t e d  o n l y  
for p > 20 because  of r o u n d i n g  a n d  of t he  la rge  
i n t e r v a l s  u sed  for Y. 

I t  s h o u l d  be  n o t e d  t h a t  t he r e  is a v a r i e t y  of com-  
b i n a t i o n s  of 7 a n d  fl for wh ich  all t h r ee  efficiencies,  
01 Y, 02 v a n d  03 v, are  f a i r ly  s imi lar .  These  combi -  
n a t i o n s  i n c l u d e  i n t e r m e d i a t e  7 a n d  i n t e r m e d i a t e  to  
sma l l  fl wh i ch  m a y  well  p r eva i l  in  m a n y  e x p e r i m e n t s .  
Also,  a l t h o u g h  n o n e  of t he  t h r ee  is t he  bes t ,  n o n e  
of t he  t h r e e  eff iciencies is far  be low t h a t  of t he  bes t .  

T h e  eff ic iency,  0"~v, of se lec t ing  on  t he  bas is  of 
d o u b l e  cross e s t ima tes ,  l ike 02Y, increases  w i t h  fl 
a n d  p ,  a n d  is a f fec ted  l i t t l e  b y  v a r i a t i o n s  in  7- Also, 
as we a l r e a d y  knew,  0YY a p p r o a c h e s  one  as /3 ap-  
p roaches  one,  s ince w h e n  a~/r = o se lec t ion  is a m o n g  
t he  t r u e  va lues  of t he  doub le  crosses. T h e  s u r p r i s i n g  
f ea tu r e  is t h a t  0VY is n e v e r  g r ea t e r  t h a n  02v a n d  
for m a n y  l ike ly  c o m b i n a t i o n s  of y a n d  fl i t  is con-  

s i d e r a b l y  less. Also,  t he  o t h e r  p red ic to rs ,  ~'1 a n d  

Y2, are  m o r e  ef f ic ien t  t h a n  Y for mos t  s i t ua t i ons .  

The  s t a n d a r d  d e v i a t i o n ,  ay ,  a m o n g  the  t r u e  v a l u e s  
b e h a v e s  s imi l a r  to  02Y. I t  is m a i n l y  a f fec ted  b y  
a n d  increases  wi th /3 .  I t  inc reases  w i t h  15 a n d  m u c h  
m o r e  so for la rge  7 t h a n  for sma l l  7" I t  increases  
w i t h  y for la rge  p b u t  t he  reverse  h a p p e n s  for sma l l  p .  
Th i s  i n t e r a c t i o n  of p a n d  y s t em s  f rom a r e d u c t i o n  
in  a y  w i t h  a n  i n c r e a s i n g  p r o p o r t i o n  of n o n a d d i t i v e  
va r i ance ,  b u t  wh ich  is offset  for sm a l l  p b y  t he  f in i t e  
co r r ec t i ng  coeff ic ient  of the  a d d i t i v e  v a r i a n c e  (see 73 
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in the Appendix). When p = oo the variance is 
tha t  among unrelated double crosses, i . e . ,  

~ = 3 (1 + ~)I4. 

Discuss ion  

A comparison of the fixed and random sample 
approach is pert inent  to the remaining discussion. 
Let  the model for the double crosses be 

V = # + G,  (45) 

where G is the genetic effect. Let  the model for two 
al ternative single cross predictors be 

)(1 =/'1 + G + e~, 
X~ =/~1 + G + g + e~. (46 ) 

Provision is made for the experimental  errors to be 
different. One of the predictors, X1, is unbiased 
genetically and has a prediction error of 

el (47) 
with variance 

E(e~) = a,~,. (48) 

Any constants involving the means fall out in com- 
parisons among the Y ' s  and their corresponding 
X ' s ,  and they  will be ignored. The other predictor, 
X 2, is biased genetically, g, and has a prediction 
error of 

g + e2 (49) 

with an average quadratic value of 

E(g2) + a,,2 . (50) 

In  both  cases, random or fixed, the genotypes and 
environments are assumed uncorrelated. 

From a fixed sample standpoint ,  it is a particular 
set of single and double crosses to which the procedure 
is to be applied. Being unable to evaluate each g 
in most  cases, p r imary  emphasis is placed on finding 
the least biased predictors with minimum experimen- 
tal  error variance. None of the single cross predic- 
tors is unbiased genetically if there is epistasis, as 

.x 
was shown by  EBERHART 0964), and only Y~ is 
unbiased if there are only additive and dominance 
effects of genes. 

Now suppose tha t  the procedure is viewed as being 
used repeatedly for samples of single and double 
crosses. Then in the parametr ic  population g will 
have a mean of o and variance of E ( g  2) : a~ even 
though the parametr ic  population may  be a peculiar 
one consisting only of single and double crosses from 
highly selected inbred lines. Further,  G will be 
distr ibuted with a mean of o and variance, a~. For 
generality, let g and G be correlated with covariance, 
ag~. With this viewpoint, the prediction error 

2 2 for X v variance is a~ for X 1 as before and ag + ae, 
Now consider al ternative predictors c 1 X 1 and c~ X 2 
where q and c~ are constants. The constants which 
minimize the prediction error variances, 

a} .qx~  = E I Y  - -  # - -  C 1 ( X  1 - -  ~/A1)3 2 
= (~ - q)~ ~ + c~ ~r~, 

a~,.~,x, = E [ Y  - -  # - -  c~ (X~ - -  #1)3 2 (51) 
= (~ - ~)~  ~ - 2 c~ (1 - c~) ~ 

+ c~ ( ~  + ~ )  , 

are the regression coefficients 

~b GG / 
~ + , ~  ~ (52) 

~ X ~  

and the prediction error variances are 

~Y.cr x~ = ~ (1 - O~,) 
(53) 

The gains from selecting on the basis of the predic- 
tors, assuming linearity between the X '  s and Y' s, 

ab - -  k c * a x , =  A d x  , =  keG~a~ 

a~ + ,rg~ - -  k c* ax~ (54) 

: A d x  , = k 9 G e ~ ,  

are invariant  of the constant multipliers. The pre- 
diction error variances when in their minimum form 
(53) rank exact ly in reverse order to the gains (54)- 
In  other than minimum form, the prediction error 
variances may  not rank the predictors the same as 
the gains, although they do for q = c 2 = 1 when 
ag~ = o, which is a simpler situation. 

The foregoing illustrates the connection between 
minimum prediction error variances and gains when 
applied to random samples. The extension to the 
simultaneous weighting of two or more kinds of in- 
formation, for example d 1 X 1 q- d 2 X~, into a single 
predictor is straightforward. The constants, d* and 
d*, which maximize the gain also minimize the pre- 
diction error variance, although any other set of 
constants, t d* and t d*, where t is a positive con- 
stant,  will give the same gain. The maximizat ion of 
gain is simply an adaptat ion of the selection index 
procedure given in considerable detail by  HENDERSON 
(1963), who also pointed out m a n y  applications. 
The same principles are involved in weighting of 
information from individuals and families in making 
selections considered by  L v s a  (1947). 

I t  is seen then tha t  genetically biased predictors 
may  have less prediction error variance than un- 
biased ones depending upon the bias variance, the 
covarianee between the bias and the true values, 
and the experimental  error variances. These factors 
are automatical ly  accommodated in the relative 
weighting of the various single cross means. The 
number  of parental  lines, fi, determining the number  
of single crosses in some of the means plays an im- 
por tant  par t  in the relative weights and in the gains, 
a reflection of its joint effect on experimental  
variances and genetic covariances of hybrid means. 

The choice among predictors and minimization 
of prediction error variance in random samples 
always depends upon a knowledge of the variance para-  
meters, which are never known exactly. For single 
cross prediction these are a z z  in (7) and a z y  in (8). If  
one is not willing to assume the hybrids to be mem- 
bers of a random mat ing population, then a z z  and 
a z v  must  be est imated directly from single crosses 
and double crosses. If  the hybrids are assumed to 
be members  of a random mat ing population, then 
estimates of a z z  and a z v  can be constructed from 
estimates of genetic and environmental  variances 
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from other types of experiments (COCKERHAM, 1963 ). 
In any case, estimates are involved. The problem 
of using estimated variances to construct the b's 
(WILLIAMS, 1962 ) is tha t  they must be reliable, 
otherwise the predictor or index may be useless. 
However, the hybrid prediction framework is much 
more restricted than that  for the general selection 
index considered by  WILLIAMS. The weights, b*, 
cannot be negative and must conform to relative 
bounds (21). PATEL (1962), in a somewhat similar 
situation of selecting among single crosses, showed 
that  estimated weights when restricted to fall within 
known bounds led to efficient selection. 

The empirical evaluations were made only for 
additive and dominance variance and assuming the 
hybrids to be members of a noninbred population. 
To compare the predictors empirically with much 
generality in the epistatic model would be a large 
task. Epistasis, like dominance, reduces O'Y, and 
also O~v and gv except for small p, as compared 
to an additive genetic model. Consequently, the 
g a i n s ,  zJ, ocO, y~rv, A v o c O V v ~ y  and zJvocffy, 
are all reduced by  epistasis for a given proportion 
of the total  variance that  is environmental. The 
amount  of reduction depends on the kinds and rela- 
tive amounts of epistatic variance, and will increase 
with higher order epistasis and more with dominance 
types than with additive types. 

One of the surprising outcomes is the efficiency 
of all the single cross predictors relative to double 
cross estimates in Tables 3 and 4. I t  was pointed 
out previously that  this relative advantage decreases 
some with epistasis. Also, the most efficient pro- 
cedure for selecting on the ~"s has not been used. 
For  each double cross there are eight subdivisions 
of the double cross estimates (see the Appendix), 
each related differently to the double cross. The 
most efficient method is to weight the means of these 
subdivisions, or correspondingly appropriate linear 
functions of them, just as was done for the single 
crosses in predicting double crosses, and in the same 
way that  PATEL (1962) did in selecting on single 
cross estimates for single crosses. The most effi- 
cient double cross predictor should always be superior 
to single cross prediction. In practice, however, one 
is concerned with the prediction of double crosses 
without having to obtain p (p - -  1) (13 - -  2) (p -- 3)/8 
estimates. 

Whether  to choose one of JENKINS' (1934) three 
predictors, Y1, Y~ and Ya, or to estimate the best 
one, 1~., is probably unimportant  in practice. The 
choice would be the closest of the three to the esti- 
mated one and most likely would give comparable 
results. This conclusion is based on the empirical 
evaluations in Tables 3 and 4, where the best of the 
three is only slightly less efficient than 12. coupled 
with the fact that  an estimated predictor is never 
as efficient as Y. .  

J E N K I N S  (1934) did not find a great deal of dif- 
ference among the correlations of the three single 
cross predictors with double cross performance. He 
was estimating the following correlations, 

(55) 

~67 

One can see from the tabulations in Tables 3 and 4 
that  there are many situations for which the three 
are not very  different, and not enough different to 
be distinguished from data. Some paradoxes are 
brought out in the Tables. The variance of an 
estimated 9i,7 may  be reduced by  increasing p or 
increasing replications represented by increasing fl 
in the Tables. However, there are genetic situations 
for which the three 9i~z's become more alike with 
an increase in p and/or ft. Whether  the increased 
similarity is more than offset by  the decrease in 
variance of the estimates requires further exploration, 
but  there is the suggestion of not being offset. Cer- 
tainly, reasonably good data are required for dis- 
tinguishing among the predictors. The double cross 
values should be well enough estimated that  if 
another similar but  environmentally independent set 
of estimates, Y', were available, the correlation be- 
tween the two, 

2 
Q~g, = e ~ r ,  (56) 

would be reasonably high. 

EBERI-IART (1964) and EBERttART et al. (1964) con- 
sidered the use of three-way crosses in addition to 
single crosses in the prediction of double crosses. 
From a fixed sample viewpoint, they were principally 
concerned with minimum genetic biased predictors. 
The prediction model (4) can be augmented to in- 
clude three-way cross information. Taking into 
account the different ways in which three-way crosses 
relate to double crosses will add at least six new 
variables, Z's, to the model (4). These additional 
variables can probably be formulated into an un- 
correlated set as was done for the single crosses, 
although some will be correlated with the Z's per- 
taining to the single crosses. Minimization of the 
prediction error variance and maximization of the 
gain is accomplished in the same manner as was 
done for only single cross prediction. The inclusion 
of three-way cross information properly weighted 
will always improve the efficiency of prediction over 
the use of single crosses alone. The amount of im- 
provement  can be evaluated empirically for various 
parametric situations. 

Only a single replicated experiment was considered 
for simplicity, but  only slight modifications are 
needed to include environmental factors and genetic 
by  environmental interactions. For an experiment 
at l environments for example, one replaces M3/r 
and M2/r in (6) with 

m3 ~2 o ] O'g E o ~t = ~ + ~ -  + (p - 2) ~ ,  

M~ ~2 4- ~'~ + ~ ] (57) 
r l  r - l - -  l s, 

where a~E and as2E are components of variance for 
general and specific by  environments. The gene 
effects and variances and covariances of relatives 
are always defined to be free of environments and 
of interactions of genes with environments, and any 
estimates of them should take this into account. 
A corresponding modification must be made in @ 
for the inclusion of different environments. An 
extension to multiple environmental classifications 
is straightforward, just more complicated. 
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Prediction and gain have been considered from 
an internal sample standpoint.  By this is meant  
tha t  only contrasts among the Y's, and as predictors 
only contrasts among the X's, have been considered. 
In  such case the means, both  of double and single 
crosses, cancel out whether from a random or fixed 
sample viewpoint. The question arises as to how 
to develop comparat ive predictors for separate 
samples of single crosses in different experiments. 
The means of the samples will differ both  genetically 
and environmentally.  In most  cases the experiments 
are in different years and often in different places. 
Consequently, environmental  differences are much 
more than those reflected by  averages of internal 
environmental  effects. One solution is to augment 
the prediction equation (4) with b a Z 4 where Z 4 is 
a deviation of an experimental  mean of single crosses 
from the mean of all experiments. The relative 
weight, b 4, depends mainly on the proportions of 
genetic and environmental  variances among experi- 
ments  for which little information is generally avail- 
able. If  the environmental  differences are relatively 
large then b 4 will be relatively small, and the com- 
parisons are very nearly among internal predictions. 
In ternal  predictions are probably the best and safest 
solution in practice. 

Having decided on a part icular  predictor, 

= b 1 (Xn --  X}) -~- b 2 (X? - -  2 X l + X0) 

+ b~ (x~ - x ) ,  (58) 

the equation m a y  be rearranged algebraically to 
simplify calculations. One alternative which is com- 
putat ional ly simple is 

I~ = b~ Xp + b~ X~ + b~ X~ + b' 4 .~,  (59) 

where 

- -  b I t ~ (p - 1) (p - 2) 
b' , - -  2 , b~ = - - - l - b 2  ( P -  4) (P 5)'  

, 2 {p - 1) 2 ( 6 0 )  
b~ = b3 - -  b2 (p --- ~) (p _ 5 ) '  

, p (p -- 1) __ b8 " 
b4~--- b2 (P--  4) ( P 2  5) 

The last term, b~ ,Y, is a constant  and may  be dropped 
in ranking the double crosses, and also one of the 
coefficients m a y  be standardized to one. For ex- 
ample, 

" ~ "  X~ (61) b ~ X p + X ~ + o ~  , ,  

where 

,, b~ ,', G (62) b =g, b =g, 
will rank the double crosses the same as (58). 

A p p e n d i x  

Variances among Double Crosses 

From (38) the experimental  value for double cross 
A B .  CD, for example, is 

YAB.CD = YAB.CD "+" EAB.CD , (63) 

and the experimental  error is the mean of the plot 
errors for tile double cross, 

~AB.CD = ~' 'SAB'CD (64) 
r 

with variance 

a ;  = T "  ( 6 5 )  

We shall use the following measure of variance, 

a} = E {YAB.CD --  ~)2, (66) 

where Y is the mean of all double crosses under con- 
sideration. This measure of variance brings into 
consideration the number  of double crosses and the 
correlations among them in keeping with the treat-  
ment  of the single cross predictors. The variance 
reduces to tha t  among the true genotypic values 
of the double crosses b y  making a~ = o. 

Expanding (66), 

E (~7AB.CD -- ~ )g= E (Y~B.CD) -- 2 E (YAB.CD ~)  

+ (6:) 
it can be shown tha t  

E(YAB.CD ~ ) =  E( f2 ) ,  (68) 
so tha t  

@ -= E(~'~B.CD)- E(YAB.CD ~) .  (69) 

Evaluat ing the first expectation, 
2 = + C  .cD, + . ; ,  (7o) 

where CaB.CO, AB.CD is the covariance of the geno- 
typic values of the double crosses with themselves, 
which is the variance among the true values of un- 
related double crosses, but  will be left in covariance 
terminology in accord with the remaining expec- 
tations. Turning now to the second expectat ion in 
(69) , taking into account all possible types of rela- 
ted hybrids in the mean of the p (p --  1) (p --  2) 
× (p --  3)/8 double crosses, and assuming of course 

tha t  all experimental  errors are uncorrelated in any 
way, the following result is obtained 

-7- ~2 ~_ ]a~ -~ 1 CAB.CD, AB.CO 

+ 2 CaB.CD, AC.BD 

+ 4 (P --  4) CAB.C-,AB.C- 
+ 8 (p - -  4) CAB.C-,AC.B- 

+ 4 (P --  4) (P --  5) CA-.V-, A-. B- 
+ 4 (P - -  4) (P --  5) CA-. B-, AB.-- 
+ (P --  4) (P - -  5) CA~.--, A B . - -  

+ 2 (P --  4) (P --  5) (P --  6) CA . . . .  ,A . . . .  

]/ _t_ (P--  4 ) ( P - -  5 ) ( P - -  6) (p - -  7! C . . . . .  , . . . . .  ' 
8 
p ( p -  ~) ( p -  2) ( p -  3) 

8 (71) 

The designations of the covariances show the number  
of parental  lines common and the manner  in which 
they are common. The coefficients of the covariances 
add to the total  number  of double crosses, the last 
covariance with no lines common being included for 
completeness and is always zero. More details are 
given by  COCKERHAM (1961) and RAWLINGS and 
COCKEI~HAM (1962). With the assumptions generally 
required in expressing the covariances of relatives 
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in t e rms  of gene t ic  va r i ances  (16) t he  a d d i t i v e  and  
d o m i n a n c e  coeff ic ients  are  as fol lows:  

o~ 

1 
CAB, CD, AB. CD "2 

1 
CAB. CD, AC. BD 

CAB.C- AB.C- 3-- 
' 8 

CAB.G- AG.B- 3 -  
' 8 

1 
C A - . B - , A - . B -  

4 

1 
CA-.  B-, AB. -- 

4 

1 
CAB.-- ,  AB. - -  - ~  

1 
CA . . . .  , a . . . .  y 0 

C . . . . .  , . . . . .  o o 

8 
1 

4 
1 

8 
1 

8 
1 

16 
1 (72) 

16 

o 

0 

P u t t i n g  (7 ° ) and  (71 ) t o g e t h e r  as in (69) and  sub-  
s t i t u t i n g  the  coefficients  (72) in to  the  covar iances  
as  in (16) l eads  to  t he  a p p r o p r i a t e  express ions  for 
a~ and  a v ,  

~ =  p ( p - 1 ) ( p 8  2 ) ( p - 3 )  r ' 

cr• : 1 - -  - ~  + 1 p (p --  1) (73) 

p + 8  \*58 
+ 1 p f- > I N - + . . . .  

The  er ror  var iance ,  a~, is no t  e x a c t l y  compa rab l e  to 
t h a t ,  a S, for the  single crosses. The  er ror  va r i ance  
for single crosses, in the  absence  of compe t i t i ve  ef- 
fects,  can be decomposed  in to  

a S ~-- °A + a~ (74) 
n 

where  a~ is t he  e n v i r o n m e n t a l  va r i ance  among  n 
p l a n t s  in a p lo t  and  a~ is the  p lo t  componen t  of 
e n v i r o n m e n t a l  va r iance .  In  con t ras t ,  

a~ = a~ AV 6S2 --  CAB.CD, ABCD _~ a~ (75) 

where  C s ~ -  CAB.CD,  ABCD r ep resen t s  the  geno typ i c  
va r i ance  a m o n g  ind iv idua l s  of the  same doub le  cross 

in a plot, and Cs2,  given in (17), represents the total 
genotypic variance. 

Z u s a m m e n f a s s u n g  

F t i r  d ie  Voraussch~i tzung yon  D o p p e l k r e u z u n g s -  
b a s t a r d e n  aus  E i n z e l k r e u z u n g s h y b r i d e n  wi rd  eine 
e inhei t l iche  Theor ie  en twicke l t ,  die sowohl  gene t i sche  
als auch  expe r imen te l l e  Bed ingungen  ber t i cks ich t ig t .  
Die  Me thode  is t  de r  fiir die Be rechnung  von Selek-  
t ions ind izes  analog.  Es  wi rd  die Bez iehung  des 
Vorhe r sagemode l l s  zum gene t i schen  Model l  erl~iutert.  
JENKINS' (1934) dre i  E inze lk reuzungs -Sch / i t zwer t e ,  
der  bes te  Einze lkreuzungs-Sch~i tzwer t  und  die Selek-  
t ion  auf  de r  Grund lage  der  D o p p e l k r e u z u n g s - S c h ~ t -  
zungen  werden  ftir ein add i t i ve s  und  D o m i n a n z -  
Model l  mi t  va r i i e r enden  Verh~l tn i ssen  der  exper i -  
men te l l en  F e h l e r v a r i a n z  und  un te r sch ied l i che r  An-  
zahl  von  B a s t a r d e n  empi r i sch  m i t e i n a n d e r  ver -  
gl ichen.  Der  U n t e r s c h i e d  zwischen f ix ie r te r  u n d  
zuf/ i l l iger gene t i scher  S t i c h p r o b e n m e t h o d e  wi rd  h in -  
s ich t l ich  der  Vorhersage  besprochen .  
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A Comprehensive Breeding System* 
S. A.  ~BERHART,  M.  N .  HARRISON a n d  F .  OGADA 1 

Maize Research Section, Kitale,  Kenya  

Summary. An outline of a comprehensive breeding 
system developed and used by  the Kenya  Maize Research 
Section is presented. This system has four main phases:  

1. Evaluat ion of local and exotic varieties so tha t  the 
breeding mater ia l  is the best  available.  

2. Compositing the selected breeding mater ia l  into two 
or more populations or varieties in such a manner tha t  

* Dedicated  to Dr. GEORGE F. SPRAGUE on the occa- 
sion of his 65th b i r thday .  

1 Research Geneticist,  Agricultural  Research Service, 
U.S. Depar tment  of Agriculture/U.S. Agency for Inter-  
nat ional  Development /Eas t  African Agricul ture& Fore- 
s t ry  Research Organisat ion;  Senior Maize Research 
Officer and Maize Breeder, Maize Research Section, Kenya  
Ministry of Agriculture. 

each populat ion has considerable genetic variat ion for the 
t ra i t s  requiring improvement and tha t  the crosses of 
these populations will show heterosis. 

3- Recurrent  selection in each population to increase 
the frequency of favorable genes so tha t  the populations 
and population crosses are improved with each cycle of 
selection. 

4. Release of a commercial var ie ty  of one of the follow- 
ing forms: (a) the cross of two populations as a var ie ty  
cross hybrid;  (b) single, three-way or double cross hybrids 
from inbred lines developed from the elite mater ial  after 
each cycle of selection; or (c) a synthetic var ie ty  derived 
from the advanced generation of the population cross in 
areas where hybr id  production is not ye t  feasible. 

Prel iminary results are presented to indicate the im- 
provement  possible in maize by  use of this system. I t s  
possible extension to other crops is also briefly discussed. 


